Linear Alggo@ — bosics and notetion
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_C_fwuﬁian elimination
“Toke 3 system of equations such as:
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We can slve these eguations by addluj 2 multiple of

one. equation to another equation. WeL work systematially
fon Hop 1o bottom. To stmpliky thitngs somewnat, we'll
represent the equations in an sugmented matix’
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Fiek, 2dd 2 moltiple of the Q- cquation to Fhe second
and third equatiore to ciminate the = coetficient

2 2 Himos fiest 2dded B scond
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-3 | Himes Gicak added do third
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Then, 2dd 3 multiple of Hhe scond equation to The hird

+o climinate it y wetficent:
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This s the reslt of Gavssian elimingtion. We can
row do backsvbstitution 4o solug for the variable values
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Ahe eement “2% in the ypper et cormer 1o the plvot.
& we encoomter 2 2em Pivst, we cannet procede; the
Slution s 4o cearrange the equatons, We can cither:
* Swap hwo fows — this doge not drance tHhe solution.
Ths is called “partial piveting
* Sung rows ard colomns — Ths prag will permute the
order of the variades (becavse of the cobimn swap) 5o
we muse keep track of the parotation, This s
led “QIL pivottng™
Gavssian (and Gauss~-Tordan) climivzton s Wi‘cauxj
wiEtade witheut iﬁwﬁrqﬂ!

Tr s not kroun exacy whtch element i> the best pivot,

bt picking the larges (magniode) elemant 1o bnoum, beth
ticoretially and pactically, 4o be 2 very good drolce.

Toe (sraesr aement, however, pall depevd on +he origival scaling
of the equattons, Oren, nuwmerial routives will pide ‘the
Pet 4o Le the element that would have been Hhe lzrgost
% the. origval equations hed been «caled so that e lsmest
cocthicent in the cquahon wes of it MagnMude.

Ove fira\ noke — parhal Pivottng is  “Zlmost 35 goed © 29
S pvching. (4nd pactial pvotivg 15 easier o Gl puoting, )
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Gruvss —Jordan eltminzhion

Irestead a[rg-lqop}mﬂ Wit the uper frianjular ~EHIK 1A
Gawssian elminzhon, we could keep goirg o +ransform i+
Into ani'duvﬁﬁ matrix and then read our solvton off
deecty Gom Hhe tignt side of e sugmented matric:
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This 15 aciualy ot advastagcoss Hor solvivy 2, systom of inewr
aguations becavse W requires more pperzhions than Gavsslan
eliminzHon uivn sackeobatituHon -
-
. Gavesian, eliminaton w/ backeu betrhiion: -%——"1—1‘*114— —g—-—
o — LT TY 1 ..E—;-s _ﬂ_l_
Gaves—Tordan eliminztion: ——+ = hlump%h/divhlaﬂ
steps
However, Gauss—Tordan eliminstlon 6 good for
dohing moltigle. sysrews of equations with the same lett fand

sdes (50 long a2 The Clgnt hand sides zz all bown ad\l'lﬂ&'.').
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ﬁ;ppotg. we have the systoms ot auzHons
A&t = bi Ak.:' b; A’lfe, i b!
Ve can then form the augmonted wmairi X

[Alb]e]b,]
nd then do Gase-TJordan elimingtion, afer which he
Aant-havd side of +the ammonted mairix contairg the
sowhons -or K;,A,N’d X3.

Glawlating The mainy tnverse

We can we Gus—TJordun eliminalion +o calwlzic the
Invere ob a wetAx. Supose we have 2 maitix A ad
want o frd M= irverse A'-‘. To -ﬁ?m.:\i{j notaton,
goome A (and A) ace 3x3 matriczs. We decompse

A tato  colomve:

[

and vote ther compotivg the colomng of the Yrveme is
Sirnply 2 matter of 5oluifj e theee systovs ot qﬁl-bm-'

welt) mlf] Al

Ve gront wivh the augmenkzd mat(ix (vsing The same
a before) '




And uvsivg row opurations, traveform M into!

o o| % Yo " (gbo necded Ho
O\ 0 | B Y sesle Hre oW
0 o \ | %M 3 In ths procoes)

Therefore:

LU (nd LDV decomposition

e can formalize fhe. row operations that we did 1n
Cavman el\mination bj t‘c.pr\:bw'ﬂmj +hewnn with maicices .

In mreswb,m-ﬁmfﬁcpm% subbracr Z Himes
e froge row From He second, This can be dove by
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The other 4wo operaHons con similarky be represented
bj a5’
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So, our traveformation ofF +he matiix A wte +he
vpper +rianguizr matrix U is acompliched by
\= E!'Z- EEI G-n A

We can swmilarly relate the transformation of O back
do A by undowy eadn of these fow operations

-t I o ©
ES’Z= © |\ O add *Bﬂmmmrmhm-rhird
o3\
E%‘: = Dq, 3 sublad the et ow rom He third
L-t O |\
I G D
E£:= -lz_ L 0] ad tunee he fiver fow h%csccmd
e O |\

We. moot undo the operzhions In mwa’der-fnnf-mm:j
we origivally did tem, s

A= B 5, Ej;, U

Note ther 2\l trese & maiicss are  lowesr riangofer
hecake we work om e dop down — alueys adding 2
moliple o6 2 higher row to 2 lower ow.
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The produck ot lower drisngoler matrices will ahuays
be a lower ¥ianguier maifiX. We can then writc

the relztonship bakween A ad U as

A= LV

Forther note Hiat 30 Gavseian eliminghion, we do rot
scale sny fow — enly sdd 2 wmiltipe ot a higher row.

Therefore, the cements on the diagpal of L will all b= 1.

The elements on the dizyoval of U will n geners| nof be
2oro. These can be “ransfomed to 1's loy nvoducing

a diagonal matly thet ccales each row:
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'Thcm‘ﬂc&frcd agproach Ho solivg am‘.'.-s-l-mn{'
kncar equations is to uvse the LU dewmyposition

Civen

Fet solve for ¥y "

Av=b, ths kcomes L (UX)=Bb

fz
2
\

Ly=b vew forwravd subsirtution
and then sole for x 1n Ux=y usig badsobsritution.



The (VU dcr_aupob'i-l-'tona\('a- maltix can be compotred

in shoot e nw? cperahions — aprodwately The same

25 Gavssian eliminzion with badsvbshivtion, bot the

dvantae 15 That once yoo hawe the LU decomposition,
can solve thatr aystem of equations (with ditferont

Agvi- hand 6das) 1~ O(nY) Ame whereas Crwssian
diminaton (end Gauvss-Jordan eliminztion) wolld. haue
4o e run agein from the gtart.

We @an we the LU decompostion to ompite the mainix
wweme by soing for the colomre of A\ 25 before,

&
Aol o)) %o wve Axza i the LY
Aves €2 decowgosiito v
i oA ovd repevied
Akn = €a Dackevlortitutlow,

Note 4viek ¥ oo ever nead Yo compote The maiix A™B
+hen yoo gnoold LV decompore A ard badsoostitore  with
e ooww o B (neiead of €,...€, whidh would compic
£, Ths s = mett mothplation (O0M) and &
Move. R,

A-‘E - [!'ill(l\"' hﬁa ‘B_‘Iot?ﬁ-l =& or Ax, = L’I
-B‘A 3“_ :ﬁz H‘*‘g‘ -.bg

Amlly, note et vy 2 ﬁsl-tﬂ'\ﬂf' Beer eqvaons
HQ@—W@A"W&.M A s ok recommended
becawvae. His svacgphille. Yo euddté error.
i A=LDLT
Ako, the LU (and LDU) deompsitions zre unique.
e more. thvy W Ao wmmetric then the (DU &Mﬂmbx
.-q.--*



ﬁ_fd-la} (3qaln)

ﬂud&mﬂ » requred for the ﬁ'lﬁu'hj ok Crpots alg:ri-{-hw\,
WRdA we will v o wompite the () decaompesition. Tartal
pivotive é!wnpp]wj mwdy 16 suffident and s ol that can
b \wplementted. efficienly anqway.

To cepresent piveling 35 2z maitiy, we we a germutation

watti K. Tor exampe, fo swag the second and third
rows of a8 3 matiy we wolld uvse:
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fr noneingoltar maifices, thee ™ alays 3 permytation
aattix P (that alledw sl owr Cow swaps) so that the
ot st ecach ohep In the LU decomposrtion 1o nevT2erD.

PA= LUV
Noke vhat 2 permwtation malrix hes the same fows as
e idenkily matrik.

Croxt's _slgocithwn Hfor_compotirn ALY

We need 4o solue’ (bor the YeM case)

ran 3 s alq rﬁ“ o o o[ Au e Ay ]
3 h“gagq - oy Am O O [|O Prr Ban By
Ay Dern Ay Ay Oy %3O || O O Ay Pay
| 392 aga'ﬁ Loy, Ay Ha || O O O fay |

We @A whke eadh componet ef A as
ai]sﬁii&ﬁ-f -
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A'Fl-cr-ic.ﬂrq all the o, = \ , there ar Nt  wnmkrowns
(re (s and mowalnimg K's) which we mua solve for
vslve N* guations.
CroNs slgoriwn aaleviates thls solotlon easily Just by
aranging the aqualions tn the gt order. Noke thet
the euitoe ave:
—— v ] 3 PORIGY
ey B "‘hﬁ_“ ~ T P 2
AL By e By v - i By = Ay
El:j ﬁt‘ &13 'l“ﬁ]_t &&i I — ﬂ;; &5:’ - aii
L2 K, By +hiz Py + - v S8y =2
The alordmn > 35 Lollows
L] I,C:t' ﬁ;; =l ‘E(

- Tor 3= | o n -
b
-For Lzl & a2 duby

i=l o N

- Ror =] n W WL :
Rr i=)A & N, ek = 5 (24 Elmm,_‘,_)

Noke that al\ the =5 and D5 nesdad on The right hand side
of thawe aaHons ae alrra:bjds\-amlnd h:furc.-rﬁmjm needed.

Rank 2nd ginular malrices

%ﬁqwc.hﬂ-ammcdﬁa:l'u&ﬁzﬂﬂ%-js have =
noero pvok (whtdh we might [mue fo gct by pivoting).
- 1Ws 15 % (avdu.;.od.j necd do 1y partial pluoting o
do s\, then we comsider the matiix nonsimular . This




ako Wwplies thatthere 15 a ¢ unigue solubion 4o +he
'flﬂ&“'ﬂm ok aguations,

Kouever, W partial pivetivg camwct get us a ronzere
pwot, then A Ts slnuler, and the systemn of auztos
ts underddrermined.

A ﬁaﬂﬁiwhr matrix s aw trwedhide (36 we hawe
deworairated withh  Gouss—Tordan climination), Furthermove
every tavertible matrigx s nonsingu lar.

Tor @ eingittr matfix, we can st vee w operations
4o ok it Ao 2 sort of vgper Hrianar fom aalled
echdon forw.  When we annot fird 2 roriperc pivet

A one colom, we Stwply gp e the nast colomn.

Tor ecample,
[V 3 15 [\ » 5]
(. 3 319 @n e o 0 2Y4
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Muﬁlha{‘kﬂmrbNaFanmmlﬂ“
v o 3 siguter mattk. The numbes of nonzere

ows s the rank of tie MK,
Wecan now extend the LU decomposition 4= ronspaet
mottices, Tor 3 Mk Ay, Thee exiot maitices ¥, L,\)

such thet:
m&m = L’m Umu



(orerder now 2 system of @uatove with more variables
+han <€quations CN*M\) . for esanwple:

whldn we an wnie as
W =N k& [ =
N 0 ')
x= [H = N + v -+ H -“5
Y D

Nore ot the “free vaiddes' v and y correspord to
olomns with no nonzero pivet.

v o IO Y
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Thie slotion 15 2 combination of*
| M‘wh(' soluHon 1o A‘&*b (‘H’ﬁ vedor (:Z,D_,l,ﬁ))

a2 homogencous solofion o A=0 (e cest)



Wwdeed, i we covder the system Ax=0, redocHon
4o ecnclon form o the Same a9 br:(-':m:,a.rd we gt
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